Abstract. When does a weakly compact operator between two Banach spaces factor through a reflexive Banach lattice?
1. Preliminaries. For terminology concerning Riesz spaces and Banach lattices, we follow [2 and 17] . In this section, we briefly review a few basic results concerning Banach lattices.
Let A be a Riesz space. Then the symbol A+ will denote the positive cone of A, i.e., A+= {x e A: x > 0}. The sets of the form [-x, x ]:= {y e A: -x < y < x}, x e A+, are called the order intervals of A. A subset A of A is said to be solid whenever |x| < |y| in A and y e A imply x e A. The solid hull of a set A is the smallest solid set that contains^ and is precisely the set sol(A) := {x e A: 3y e A with \x\ < |y|}. A solid vector subspace of A is referred to as an ideal of A. In this paper the word "operator" is synonymous with "linear operator." An operator T: X -» Z between two Riesz spaces is said to be positive, in symbols 0 «£ 7, whenever x e X+ implies T(x) e Z+.
A norm || ■ || on a Riesz space is said to to be a lattice norm whenever \x\ < \y\ imphes ||x|| < ||y||. A Banach lattice is a Riesz space equipped with a lattice norm under which it is a Banach space. A Banach lattice is said to have order continuous norm whenever xa |0 implies ||x"||J,0. The closed unit ball of an arbitrary Banach space Z will be denoted by Bz; i.e., Bz:= {z e Z: ||z|| < 1}. 3. X is an ideal of X". 4 . Every relatively weakly compact subset of X+ has a relatively weakly compact solid hull.
Proof. For the equivalence of (1), (2) , and (3) see [17, Theorem 5.10, p. 89] . (3) => (4) Let A Q X+ be relatively weakly compact, and let x" e A" be a w* u'*-closure point of sol(A). Pick a net {xa} c so\(A) with xa -* x". For each a, choose someya e A with -ya < xa < ya. By passing to a subnet, we can assume that w ya -* y holds in A. This implies -y =$ x" < y in A", and so, x" e A. Therefore, It should be noted that in a Banach lattice with order continuous norm the solid hull of a relatively weakly compact set need not be relatively weakly compact [16, p. 308] . However, there are some Banach lattices in which the solid hull of a relatively weakly compact set remains relatively weakly compact. These are the KB-spaces, and they will be needed for our work.
Following the Russian literature, we say that a Banach lattice A is a KB-space (Kantorovic-Banach space) whenever every increasing norm bounded sequence of A+ is norm convergent. Clearly, every KB-space has order continuous norm. Theorem 1.2. The norm dual X' of a Banach lattice X is a KB-space if and only if X' has order continuous norm.
Proof. Assume that X' has order continuous norm. Let 0 < x'n t hold in X' with sup{ ||x^||} < oo. Then x'(x) = lim^x) exists in R for each x e A, and moreover, this formula defines a positive linear functional on A. Thus, x' e X', and clearly, x'n t x' holds in A'. Now note that lim||^ -jc'|| = 0. □ Recall that if A is a Riesz space, then the symbol A~denotes the order continuous dual of A, i.e., the Riesz space of all linear functionals / on A such that xa |0 in A implies lim| f(xa)| = 0.
The next result presents some characterizations of KB-spaces. For a proof see [2, 2. X is a band of X". 3. A=(A');.
In a KB-space a relatively weakly compact set has a relatively weakly compact solid hull. This result appeared in [1] ; see also [17, Proof. Let A be a relatively weakly compact subset of X, and consider A as a subset of (A')~. By [2, Corollary 20 .12, p. 140] we know that A is relatively a((X')~, A')-compact if and only if its convex solid hull is also relatively o((A')~ A')-compact. By Theorem 1.3 we have A= (A')~ and our conclusion follows. □ For constructing reflexive Banach spaces from weakly compact sets, we shall need the following basic result of [7] (see also [8, p. 250] In particular, if a compact operator T: Z -» A satisfies T(BZ) c W, then T considered as an operator from Z into Y is also compact.
Proof. Let 7 be a subset of W which is totally bounded in A, and let 0 < e < 1. Since x,y e W implies
we see that \\x -y||" < 21_" holds for all n, and so, there exists some k satisfying Lff=k\\x -y[\l < e for all x,y <= W. Pick xx,... ,xm e D such that 7 c {xx,...,xm} + e2~2kB, where B is the closed unit ball of A.
Now let x e D be fixed. Choose some xt with \\x -xf\ < e2~2k. Then for 1 < n < k we have x -x, e e2-2*7 c e2-k2-"B c e2~kU", and so, \\x -xf\\n < e2~k holds for all 1 < n < k. Therefore, k oc III* -*,lll2 < E II* -Xf\\2n + E Ik " *i\\l < kt22~2k + e < e + e = 2e
'i = l n = k holds, from which it follows that D is also a totally bounded subset of Y. O Recall that a positive operator 7: Z -» A between two Riesz spaces is said to be: (a) interval preserving, whenever 7[0, x] = [0, Tx] holds for all x e Z+; and (b) a lattice homomorphism, whenever T(x V y) = 7(x) V 7(y) holds for all x, y e Z.
In the sequel, the expression "an operator 7: Z -> A between two Banach spaces is positive" will mean that Z and A are both Banach lattices and that 7 is a positive operator (i.e., z > 0 implies 7(z) > 0).
When A is a Banach lattice and W is also a solid set, then the Banach space (Y, III • III) of Theorem 1.5 is itself a Banach lattice. ) By [7] we know that every weakly compact operator factors through a reflexive Banach space. Also, by [10 and 14] we know that every compact operator factors with compact factors through a reflexive Banach space. In this section we show how a weakly compact operator can be factored through a reflexive Banach lattice. We start our discussion with a theorem that will be the basis for our results.
Theorem 2.1. Let W be the convex solid hull of a relatively weakly compact subset of a Banach lattice X, and let (Y, III • |||) be the Banach lattice as defined in Theorem 1.5. Then Y' has order continuous norm (and hence, it is a KB-space).
Proof. By Theorem 1.7, J': X -* Y' is interval preserving, and so, J'(X') is an ideal of Y'. On the other hand, it is also true that J'(X') is weakly dense in Y'. Indeed, if some y" e Y" satisfies y"(J'x') = 0 for all x' e A', then J"y"(x') = 0 holds for all x' e A', and so, J"y" = 0. Since /": Y" -> A" is one-to-one, we get y" = 0. Thus, J'(X') is weakly dense in Y', and hence, norm dense in Y'. Now if 7(A') has order continuous norm, then its norm closure Y' will also have order continuous norm; see [2, Theorems 17.9 and 10.6]. Therefore, in order to establish that Y' has order continuous norm, it is enough to show that J'x'n J, 0 in /'(A') implies HI J'x'nHI |0.
To this end, let J'x'n 10 in J'(X'). Since J'x'" = \J'x'"\ = J'\x'n\ holds, we can assume that x'n > 0 for each n. Now let e > 0. Fix some k with 2_/t||x;|| < e. Since W is the convex solid hull of a relatively weakly compact subset of A, it follows from [2, Theorems 20.9 and 20.6] that there exists some u > 0 in the ideal generated by W in A satisfying
x'x(\w\-u)+ <2~kt for all w czW.
From W c Y and the fact that Y is an ideal of A, we see that u e Y. Next choose some m with 2kJ'x'" (u) < e for all n > w.
Now if y e Y satisfies |||y||| < 1, then Hyl^ < 1 also holds, and so, y e 2(2kW+ 2~kB). 3. Factoring compact operators. In this section we shall study when a compact operator has a factorization with compact factors through a reflexive Banach lattice. Some results of this type were obtained in [6] .
We start the section with the "compact operator" analogue of Theorem 2.5.
Theorem 3.1. Let T: X -* Z be a compact operator from a Banach lattice X into a Banach lattice space Z. If X' has order continuous norm, then T admits a factorization T X-y-z E License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use through a reflexive Banach lattice E with the factor Q a lattice homomorphism and the factor P compact. In case T is also positive, then P can be chosen to be a positive operator.
Moreover, if another operator S: X -» Z satisfies 0 < 5 =$ T, then S admits a factorization through the reflexive Banach lattice E s X-yz q\ A 7 with 0 < Px < P.
Proof. Repeat the proof of Theorem 2.5, and use Lemma 1.6 to see that 7: Z' -* Y is a compact operator which implies that 7 is a compact operator. □ The next theorem extends Theorem 2.6 and is the major factorization result of the paper. The factorization T2J = PQ will be through an appropriate reflexive Banach lattice E that will be explained below. In all cases the desired factors will be Sx = QR and S2 = P. As we shall see, Q always will be a positive operator, and 7 will be positive if 72 is positive. Case 1. Tx and T2 are both weakly compact.
The factorization of T2J through a reflexive Banach lattice 7 follows from Theorem 2.5.
Case 2. Tx is weakly compact and T2 is compact. By Theorem 3.1 the compact operator T2J factors through a reflexive Banach lattice 7 with 7 compact.
Case 3. Tx is compact and T2 is weakly compact. By Lemma 1.6 the operator 7 is compact, and by Theorem 2.5 the weakly compact operator T2J factors through a reflexive Banach lattice 7.
Case 4. Tx and T2 are both compact. As above, 7 is compact, and by Theorem 3.1 the compact operator T2J factors through a reflexive Banach lattice 7 with 7 compact. Therefore, Sx and S2 are both compact.
Finally, note that 5, is positive if 7j is positive, and the rest of the proof follows from Theorem 2.6. □ An immediate consequence of the preceding theorem is the following. Corollary 3.3. 7/7: X -> A is a compact operator on a Banach lattice, then T2 factors with compact factors through a reflexive Banach lattice.
If T is also positive, then the factors can be taken to be positive compact operators.
It was shown in [9] that if 7' and 7 have order continuous norms, then every positive compact operator from 7 into 7 dominated by a compact operator is itself compact. (Recall that an operator S is dominated by another operator 7 whenever S < 7 holds.) Next, we shall present a proof of this result using factorization. Theorem 3.2 the scheme G -> Z -» 7 factors through a reflexive Banach lattice 77
with the factor 7 positive dominated by a compact operator. By Theorem 3.4, 7 is compact, and so, T3T2TX = S3RSX is also compact. □ In the preceding theorem the case when Tx and T3 were dominated by weakly compact operators was established in [13] by a different method.
Finally, it should be mentioned that W. B. Johnson has pointed out to us that his techniques in [14] yield also the following result: If T: Z -» A is a compact operator and X is a Banach lattice with the approximation property, then T factors with compact factors (which can be taken positive if T is positive) through a reflexive Banach space with an unconditional basis.
We close the paper with the corresponding open problems for compact operators. Problem 3. Does a compact operator between two Banach lattices factor with compact factors through a reflexive Banach lattice?
Problem 4. Does a positive compact operator between two Banach lattices factor with compact factors (if possible, with positive compact factors) through a reflexive Banach lattice?
